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Abstract
For a nilpotent space X, we prove that the cardinality of the set WI(X), which denotes the
homotopy classes of weak identities, depends only on the Mislin genus of X. On the other hand,
we prove that when X = BG, the classifying space of a connected finite loop space, or X is a 1-
connected finite Postnikov space, or X is a 1-connected infinite loop space, and Y is the iterated loop
space of a 1-connected finite CW-complex, the isomorphism class of the group Ph(X,Y ) depends
only on the Mislin genus of X. These generalize recent results of Roitberg. Ó 2000 Elsevier Science
B.V. All rights reserved.
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1. Introduction
Let X and Y be nilpotent spaces of finite type. Denote by Ph(X,Y ) the set of homotopy
classes of phantom maps fromX to Y—that is, maps whose restriction to any skeleton ofX
is trivial. Any map f :X→X′ induces a map f ∗ :Ph(X′, Y )→ Ph(X,Y ). One naturally
asks if the induced map is onto or 1–1 or a bijection. A remarkable result of McGibbon
and Roitberg reads as follows:
Theorem 1.1 [5]. Let X and X′ be finite type domains, Y a finite type target and suppose
that there are rational homology equivalences X→X′, X′ →X in both directions. Then
Ph(X,Y ) and Ph(X′, Y ) are equivalent as sets.
Remark 1.2. Following the terminology of [5], a finite type domain (target) is a space
whose integral homology groups (homotopy groups) are finitely generated in each degree.
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In another direction, Roitberg compared Ph(X,Y ) and Ph(X′, Y ) when X and X′ have
the same Mislin genus and got the following fascinating result:
Theorem 1.3 [8]. Let X and Y be as in Theorem 1.1. Then Ph(X,Y ), as a set, depends
only on the Mislin genus of X.
Remark 1.4. Two finite type, nilpotent spaces X,X′ have the same Mislin genus if
X(p) ' X′(p), for all p. The isomorphism class of Ph(X,Y ), when it is a group, however,
is not an invariant of the Mislin genus. Nevertheless he has proved the following:
Theorem 1.5 [8]. LetX′ and BG, G a 1-connected Lie group, have the same Mislin genus,
Y =ΩkZ, Z a 1-connected, finite CW-complex. If either Z is a loop space, or k > 1, then
(1) We have group isomorphisms
Ph(BG, Y )= [BG, Y ] ∼= [BG(0), Y ] ∼= [X′, Y ] = Ph(X′, Y ).
(2) Moreover, let j : BG→K and j ′ :X′ →K be rational homotopy equivalences with
K a (finite) product of K(Z,n)’s. Then
j∗ : Ph(K,Y )→ Ph(BG, Y ), j ′∗ : Ph(K,Y )→ Ph(X′, Y )
are both group isomorphisms.
One of the results in this paper is:
Theorem 1.6. Let X,X′ be finite type, nilpotent domains having the same Mislin genus,
Y be as above and map∗(X, Ŷ )
w' ∗. Then we have group isomorphisms
(1)
Ph(X,Y )= [X,Y ] ∼= [X(0), Y ] ∼= [X′, Y ] = Ph(X′, Y ).
(2) LetX be rationally elliptic and j :X→X, j ′ :X′ →X′ be integral approximations
of X and X′, respectively, i.e., j, j ′ are rational equivalences, X,X′ have torsion
free, finitely generated homotopy groups and ΩX, ΩX′ are products of K(Z,n)’s.
Then
j∗ : Ph(X,Y )→ Ph(X,Y ), j ′∗ : Ph(X′, Y )→ Ph(X′, Y )
are both group isomorphisms.
Corollary 1.7. IfX′ andX have the same Mislin genus, Y is as above, andX satisfies one
of the following conditions, then the conclusion of Theorem 1.6 is true
(1) X = BG, G a connected finite loop space;
(2) X is a 1-connected finite Postnikov space, i.e., pinX = 0, n 0;
(3) X is a 1-connected infinite loop space.
Remark 1.8. With some extra effort, we can extend the corollary to the case where X has
finite fundamental group.
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The proof of Theorem 1.6 is based on the rationalization-completion approach to
phantom maps.
Another invariant of X which is closely related to phantom maps is the group of weak
identities WI(X) defined by
WI(X)= {f :X→X | f |Xn ' id|Xn for all n> 1}/'.
A well-known result of Roitberg asserts that
Theorem 1.9 [7]. Let X be a homotopy associative Hopf space. Then
WI(X)∼= Ph(X,X)
as groups.
Theorems 1.9, 1.3 and a dual version of it imply that the set WI(X) is a genus invariant
when X is a homotopy associative H -space. More generally, we prove:
Theorem 1.10. If X, X′ are nilpotent and finite type, and X and X′ have the same Mislin
genus, then WI(X) and WI(X′) are equivalent as sets.
Theorem 1.10 confirms a conjecture made in [8].
Throughout the paper, all spaces have the homotopy type of CW-complexes. The
standard notation of homotopy theory will be used: map∗(X,Y ) denotes the space of
all based maps from X to Y, map∗(X,Y )f the component of map∗(X,Y ) containing
f ; lp :X→ X(p) denotes p-localization of X and Zp denotes the ring of p-local inte-
gers.
2. Proof of Theorem 1.10
To prove Theorem 1.10, we begin by writing [8]
WI(X)= lim←−
1pi1
(
aut1(X
(n)); id),
WI(X′)= lim←−
1pi1
(
aut1(X′(n)); id
)
.
Here, aut1(X) is the topological monoid consisting of based self-homotopy equivalences
of X inducing the identity on homotopy groups.
To proceed further, let us note that
pi1
(
aut1(X(n)); id
)∼= pi1(map∗(X(n),X(n))id; id).
Thus
WI(X)= lim←−
1pi1
(
map∗(X(n),X(n))id; id
)
,
WI(X′)= lim←−
1pi1
(
map∗(X′(n),X′(n))id; id
)
.
To complete the proof of Theorem 1.10, we need the following:
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Lemma 2.1. Let Y be a nilpotent, finite Postnikov CW-complex, i.e., pin(Y ) = 0 for n
sufficiently large. Then(
map∗(Y,Y )id
)
(p)
'map∗
(
Y(p), Y(p)
)
id.
To prove this we need another fact.
Lemma 2.2 [2]. Let Y be a nilpotent, finite Postnikov CW-complex. Then(
map∗(X,Y )f
)
(p)
'map∗
(
X,Y(p)
)
lp ·f for any finite type space X.
Proof of Lemma 2.1. Note that, by an observation of Dror Farjoun [1, 1.E.3], there exists
a map
ϕ :
∨
q∈p′
S1
∨
q−→
∨
q∈p′
S1,
where p is a prime and p′ = {q | q 6= p, q is a prime}, such that Y(p) agrees with LϕY for
nilpotent spaces Y and LϕY is the homotopy localization of Y with respect to the map ϕ.
Thus, from [1, 1.B.7], we have
map∗
(
Y,Y(p)
)
lp
'map∗
(
Y(p), Y(p)
)
id. (2.1)
Now Lemma 2.1 follows immediately from (2.1) and Lemma 2.2. 2
Let
Gn = pi1
(
map∗(X(n),X(n))id; id
)
,
G′n = pi1
(
map∗(X′(n),X′(n))id; id
)
.
Now Proposition 2.1 in [8] and the following lemma will complete the proof of
Theorem 1.10.
Lemma 2.3. Let Gn, G′n be as above. Then {(Gn)(p)} ∼= {(G′n)(p)}.
Proof. Note first that the following diagrams are commutative up to homotopy(
map∗
(
X(n+1),X(n+1)
)
id
)
(p)
map∗
(
X(n+1),X(n+1)(p)
)
lp
(
map∗
(
X(n),X(n)
)
id
)
(p)
map∗
(
X(n),X
(n)
(p)
)
lp
map∗
(
X(n+1),X(n+1)(p)
)
lp
map∗
(
X
(n+1)
(p) ,X
(n+1)
(p)
)
id
map∗
(
X(n),X
(n)
(p)
)
lp
map∗
(
X
(n)
(p),X
(n)
(p)
)
id
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The commutative diagrams above and Lemma 2.1 imply that{(
pi1(map∗(X(n),X(n))id; id)
)
(p)
}∼= {pi1(map∗(X(n)(p),X(n)(p))id; id)}.
But X(p) 'X′(p) for all p. It follows easily that{
pi1
(
map∗(X
(n)
(p),X
(n)
(p))id; id
)}∼= {pi1(map∗(X′(n)(p) ,X′(n)(p) )id; id)}.
Then {(Gn)(p)} ∼= {(G′n)(p)} follows directly from the last two equations. 2
Remark 2.4. A natural question arises from Theorem 1.10, i.e., does there exist a space
X such that WI(X) and Ph(X,X) are not equivalent as sets?
3. Proof of Theorem 1.6
For the proof of the first part of Theorem 1.6, we need two lemmas.
Let e :X→ X̂ be Sullivan’s profinite completion, r :X→ X(0) the rationalization, Xτ
the fiber of r .
Lemma 3.1. Let X and Y be 1-connected. Then
map∗(X, Ŷ )
w' ∗⇔map∗(Xτ ,Y )
w' ∗,
where X
w' ∗ means X is weakly contractible.
Proof. This follows from the proof of Theorem 5.4 in [3]. 2
Lemma 3.2. Let X be 1-connected,X′ ∈G(X). Then∑
Xτ '
∑
X′τ .
Proof. This follows immediately from Lemmas 3.1 and 3.3 in [8]. 2
Proof of Theorem 1.6(1). The condition of Theorem 1.6 and Lemma 3.1 imply that
map∗(X′τ , Y )'map∗(Xτ ,Y )
w' ∗.
Now the proof of Theorem 1.6(1) follows easily from the same reasoning as in
Theorem 6(1) in [8]. 2
Proof of Theorem 1.6(2). The proof is the same as that of Theorem 6(2) in [8]. 2
Proof of Corollary 1.7. What we have to prove is that
map∗(X, Ŷ )
w' ∗.
For (1), this is proved in [6]. For (2) and (3), see [4]. 2
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